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M via certain cohomology groups of Hamiltonian vector fields. For each 
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1 Introduction 

We construct a local characteristic map to a symplectic manifold M via 
certain cohomology groups of Hamiltonian vector fields. Recall that the 
group of affine symplectomorphisms, i.e., the affine symplectic group ASp^ 
is given by all transformations if) : R^" R^" of the form 

il){z) = Az + zo, 

where Ais a,2n^2n symplectic matrix and Zq a fixed element of R^" [5], p. 55]. 
Let g„ denote the Lie algebra of ASpn, referred to as the affine symplectic 
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Lie algebra. Then g„ is the largest finite dimensional Lie subalgebra of the 
Hamiltonian vector fields on R^", and serves as our point of departure for 
calculations. Particular attention is devoted to the Leibniz homology of g„, 
i.e., HL^{Qn] R.), and proven is that 

HL.iQn, R) ^ A*K), 

where Un = ^^=1 ^ ^ ^* denotes the exterior algebra. Dually, for 
cohomology, 

HL*{q^; R) ~ A*«), 

where tu* = ^"^^ dx'' A dy\ 

For p G M, the local characteristic map acquires the form 

HL*iXHi'R'n; ^ HL*iXHiMy, C^iM)), 

where Xh denotes the Lie algebra of Hamiltonian vector fields, and C°°(M) 
is the ring of C°° real-valued functions on M. Using previous work of the 
author [4J, there is a natural map 

H*,j,{M; R) HL\X{M)- C°°(M)), 

where H^^ denotes deRham cohomology. Composing with 

HL*{X{M); C°°(M)) ^ HL*{Xh{M)- C°°{M)), 

we have 

H^niM; R) ^ HL*{A:h{M); C^{M)). 
The inclusion of Lie algebras 0„ ^ A'//(R^") induces a linear map 

HL^{g„; R) — > HL^{Xh(R'^"'); R) 

and HL*{Xh{II'^"-); R) contains a copy of HL*{Qn', R) as a direct summand. 

The calculational tools for HL^^Qn) include the Hochschild-Serre spectral 
sequence for Lie-algebra (co)homology, the Pirashvili spectral sequence for 
Leibniz homology, and the identification of certain symplectic invariants of 
Qn which appear in the appendix. 
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2 The AfRne Symplectic Lie Algebra 



As a point of departure, consider a Hamiltonian function H : R^" — > R 
with the associated Hamiltonian vector field 



dH d J^dH d 



-^^ XI f)^, find XI 



■p^ dxi dy^ 9a;* ' 

where R^" is given coordinates 

{Xi, X2, Xn, yi, y2, Vn}, 

and ^ are the unit vector fields parallel to the Xi and yi axes respectively. 
The vector field Xh is then tangent to the level curves (or hyper-surfaces) of 
H. Restricting i7 to a quadratic function in 

{Xi, X2, Xn, yi, 1/2, yn}, 

yields a family of vector fields isomorphic to the real symplectic Lie algebra 
sp^. For i, j, k E {1, 2, 3, . . . , n}, an R-vector space basis, Bi, for sp^ is 
given by the families: 

(1) ^feg^ 

(2) yk^k 

(4) yi£j + yj£^,'^¥^j 

(5) yJW~^^^' " ^ possible). 

It follows that dimR(sp„) = 2n^ + n. 

Let In denote the Abelian Lie algebra of Hamiltonian vector fields arising 
from the linear (affine) functions H : R^" — > R. Then has an R-vector 
space basis given by 

^f9(9 d d d d ^ 

^ I dx^ ' dx"^ ' ' dx^'- ' dy^ ' ' ' dy^ / 
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The affinc symplectic Lie algebra, Qn, has an R- vector space basis BiU B2 ■ 
There is a short exact sequence of Lie algebras 

> In — ^ s„ spn > 0, 

where i is the inclusion map and tt is the projection 

dn (Qn/In) ^ Spn- 

In fact, /„ is an Abelian ideal of g„ with /„ acting on via the bracket of 
vector fields. 



3 The Lie Algebra Homology of 

For any Lie algebra g over a ring k, the Lie algebra homology of 0, written 
Hl'^^{g; k), is the homology of the chain complex A*(£|), namely 

k Q ^ _ _ _ ^ gA(n-l) gAn ^ ^ 

where 

digi A 5(2 A ... Ag-a) = 

J2 i-^y {gi/\ ... A gi_i A [gi, gj] A 5^+1 A . . . gj . . . A g^). 

l<i<j<n 

For actual calculations in this paper, = R. Additionally, Lie algebra 
homology with coefficients in the adjoint representation, written H^^'^{q; q), 
is the homology of the chain complex g (g) A*(0), i.e., 

where 

n+l 

d{gi <8) 5-2 A 5(3 . . . A gn+i) = ^{-^Y (bi, gi] <S) g2 A . . . gi . . . A gn+i) 

i=2 

+ XI {-^y {gi<^g2A ... Agi-iA[gi, gj]Agi+iA ... gj ... Agn+i). 

2<i<j<n+l 



4 



The canonical projection q ® A*{q) A*+^(g) given by g ® g^" — > is 
a map of chain complexes and induces a /c-linear map on homology 

HI:'%q; g)^Hl:^,{e; k). 

Given a (right) g-module M, the module of invariants is defined as 

= {m e M \ [m, g] = \fg E g}. 

Note that sp„ acts on In and on the affine symplectic Lie algebra Qn via the 
bracket of vector fields. The action is extended to /^'^ by 

k 

[«! A ^2 A ... A ak, X] = ^ ai A ^2 A ... A X] A ... A ak 

i=l 

for G /„, X G 3p„, and similarly for the sp„ action on g„ ® J^*^. The main 
result of this section of the following. 

Lemma 3.1. There are natural vector space isomorphisms 
H^^Qn, R) - Hl:%5Pn-, R) ® [A*(/„)]^P", 

H^'\Qn, Qn) ^ H^'\5Pn. R) ® [0n ® A*(/n)]''^" 

Proof. The lemma follows essentially from the Hochschild-Serre spectral se- 
quence p], the application of which we briefly outline to aid in the identi- 
fication of representative homology cycles, and to reconcile the lemma with 
its cohomo logical version in [2]. Consider the filtration Trni wt. > — 1, of the 
complex A*(g„) given by 

•^-1 = {0}, 

J'o = A*(/„), -^o' = In\ = 0, 1, 2, 3, . . . , 

^t = {gi^ ■■■ ^ 9k+m e g^^''+""^ I at most m-many ^^'s ^ /„}. 

Then each JF^ is a chain complex, and JF„ is a subcomplex of J^m+i- For 
m > 0, we have 

Elk = K/^Ll ^ C ® (fln//.)"'". 

Since /„ is Abelian and the action of /„ on g„//„ is trivial, it follows that 
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Using the isomorphism 0„//„ ~ sp„, we have 

Now, sp„ is a simple Lie algebra and as an sp„-module 

where M ~ Mi © M2 © ... © Mt is a direct sum of simple modules on which 
5p„ acts non-trivially. Hence 

i7,(sp„; If) ^ i7,(5p,; (/f © i/.(sp„; M). 

Clearly, 

i/.(5Pn; (/f )^''") =^ ^*(5P„; R) ® iCr- 
t 

H,{sp^; M) ~ ^/7,(5p„; M,) ~ 0, 

where the latter isomorphism holds since each Mj is simple with non-trivial 
sp„ action. See [H Prop. VII. 5. 6] for more details. 

Let 6^ be a cycle in A'"(5p„) representing an element of i7m(sp„; R), and 
let z G {H^^Y^-^. Then z A6 & Qn^"^'^''^ represents an absolute cycle in A*(0„), 
since, if 6* is a sum of elements of the form Si A S2 A ... A s^, then [z, Si] = 
for each Si G 5p„. Thus, ^ ~ E^ ^, and 

H^iQn, R) ~ H,{sp^; R) ® [A*(/„)]^P". 

By a similar filtration and spectral sequence argument for ® A*(g„), we 
have 

i7,(g„; g„) ~ i/*(sp„,; R) © [g^ © A*(/„)]^P". 

□ 

Let ujn = Z)r=i £^ ^ ^ ^n^- O'^e checks that a;^ G against the 

basis for sp^ given in §2. It follows that 

^Afc ^ [jA2fc]ap„_ 

Letting A*(ti;„) denote the exterior algebra generated by Un, we prove in the 
appendix that 
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Lemma 3.2. There are isomorphisms 

fc>0 

[S„®A*(/„)]^P- ^A*M :=5^A^K) 

fc>i 

where the first is an isomorphism of algebras, and the second is an isomor- 
phism of vector spaces. 

Combining this with Lemma fl3.ip . we have 

Lemma 3.3. There are vector space isomorphisms 

H^'^idn, R) ^ H^sp^; R) ® A*(^„), 

It is known that for cohomology, 

Huei^Pn, R) ^ A*(m3, M7, Un, . . . , U^n-l), 

where Ui is a class in dimension i. Also, 

i7ir'^(5p„; R) ^ /7fie(sp„; R). 
See the reference [H p. 343] for the homology of the symplectic Lie group. 

4 The Leibniz Homology of Qn 

Recall that for a Lie algebra q over a ring k, and more generally for a Leibniz 
algebra [3], the Leibniz homology of g, written HL^{q; k), is the homology 
of the chain complex T(g): 

k g , ^ _ _ ^ g»n , . . . ^ 

where 

d{gi, 92, 9n) = 

X] ^~^y 92, 9i-i, [9i, 9j], 9i+i, ■■■ gj 9n), 

l<i<j<n 
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and g2, ■ ■ ■ , Qn) denotes the element gi® g2® ■ ■ ■ ® Qn ^ 0®"- 

The canonical projection vti : q®^ — > g^", n > 0, is a map of chain 
complexes, T{q) A*(0), and induces a fc-linear map on homology 

HL,{q- k) ^ H]:^{q- k). 

Letting 



(ker 7ri)„[2] = ker ^ gA(n+2)|^ ^ > 

Pirashvili ^ defines the relative theory H^^^{q) as the homology of the com- 
plex 

C-'(0) = (ker7rO„[2], 

and studies the resulting long exact sequence relating Lie and Leibniz ho- 
mology: 



> HLM ^ ^{^"(0) ^ 

. i7Lo(0) > H^'%g) > 0. 

An additional exact sequence is required for calculations of HL^. Con- 
sider the projection 

TTs : ® 0^" ^ 0^("+'\ n>0, 
and the resulting chain map 

7r2:0®A*(0)^A*+'(0). 
Let HRni^o) denote the homology of the complex 

CRnid) = (ker 7r2)„[l] = ker [g ® 0^("+i) ^ 5"^^^^+% n > 0. 
There is a resulting long exact sequence 

^ HR^^M . Hj^M 0) ^ ^n^ri(0) 

" HRoiQ) ^ H\^M 0) ^ ^s'^'^'lo) ' 



nno[Q) > iiri0; 0j ^ ^2 10J ^ 

> Hl^M 0) ^ ^{^"(0) ^ 0. 
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The projection tti : ^ gA(n+i) 

projections 

which leads to a natural map between exact sequences 



can be written as the composition of 



,Ara 



,A(n+l) 



HLn+lid) 



1 



HRn-2{Q) 



and an articulation of their respective boundary maps d. 



Lemma 4.1. For the affine symplectic Lie algebra Qn, there is a natural 
isomorphism 

/7fc(sp„; R) ^ HRk-siQn, R), k > 3, 
that factors as the composition 

Ht'%sp^; R) ^ HRk-sisp^; R) ^ ^fi?,_3(0„; R), 

and the latter isomorphism is induced by the inclusion sp„ "—>■ 0„. 
Proof. Since sp„ is a simple Lie algebra, from [1, Prop. VII. 5. 6] we have 

Hl''{sp„- spj = 0, A; > 0. 
From the long exact sequence 



HRk-iisp^; R) ^ H^'^isp^; sp 



H^+lisPn^ R) 



it follows that d : i^fc'^(sp„; R) HRksisp^; R) is an isomorphism for 
A; > 3. The inclusion of Lie algebras sp^ ^ g„ induces a map of exact 
sequences 



HRk-iisp^; R) 



HRk-lidn', R) 



^fc (Spn; 5pJ 



-^fc+l(0n; R) 
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From Lemma fl3.3p 

H^'^idn, R) ^ H^i^Pn- R) ® A*(a;„) 
H^'"{Sn, Qn) ^ H,{sp^- R) ® A*K). 

The map 0„) ^ Hlf^^^Qn] R) is an inclusion on homology with 

cokernel if^|'\(sp„; R). The result now follows from the map between exact 
sequences and a knowledge of the generators of if^"^(g„; R) gleaned from 
Lemma fl3.ip . □ 

Theorem 4.2. There is an isomorphism of vector spaces 

i7L,(0„; R) ~ A*K) 

and an algebra isomorphism 

n 
i=l 

where HL* is afforded the shuffle algebra. 

Proof. Consider the Pirashvili filtration [7j of the complex 

C':\q) = ker(g®("+2) ^ 0^^"+')), n > 0, 

given by 

^™(0) = S^' ® ker(0®('"+2) _^ 0A(m+2)^^ m > 0, > 0. 

Then JF^ is a subcomplex of JFj^+i resulting spectral sequence con- 

verges to H^^^{q). From [7j we have 

El^^ ^ HLkiQ) ® HRmis), m > 0, A; > 0. 

From the proof of Lemma (14.11) , there is an isomorphism 

d : HJ^'^iBn, R) ^ i^i?o(0n; R) ^ R. 

From the long exact sequence relating Lie and Leibniz homology, it follows 
that HL2{Qn] R-) H^^'^i^gn'i R) is an isomorphism. Since 



-IVI^— — — — 

9 ^ \ flifi rlii^ F)n'^ rlnr^ 



2 \(9x* dy^ dy' dx^ 
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is a cycle in the Leibniz complex that maps to uJn in the Lie algebra complex, 
it follows that d;„ generates HL2{gn', R-)- 

We claim that all elements in HLo{Qn) ® -f^-R*(0n) are absolute cycles. 
The inclusion sp„ ^ Qn induces a map between exact sequences 



Since sp„ is a simple Lie algebra, HLk{sp^; R) = 0, A; > 1 [6j. Thus, 
d : if^"^(5p,„) Hl'^}^{sp,^) is an isomorphism for k > 3. The inclusion 
jF^(sp„) ^ ^miSn) induces a map of spectral sequences, and hence a map 

HLoispJ (g) HR,{spJ — > HLo{g„) ® HR^{q^). 

Since HR^,{spn) ~ if^'^'(sp„), all classes in iyLo(sp„) ®-ff-R*(sp„) are absolute 
cycles. Now, HR^,{sp^) maps isomorphically to ifi?*(0„), and by naturality, 
all classes in HLo^Qn) (S> HR^{g„) are absolute cycles. Moreover, 

maps the classes in Hl'^^{sp^) injectively to Hl'^}^{Qn) in the diagram 
. Hl:^%5pJ Hl^ispJ . 

> /fLie(gJ Hl%(g^) . ... 

where the vertical arrows are inclusions. 

We claim that all elements in ifL2(g„) if-R*(0n) are absolute cycles as 
well. Let [9] G HRm{Qn) be represented by the sum 

n 

i=i 

where each Xj G sp„ and d9 = 0. By invar iance, 

[a)„, Xij] = for each Xij. 
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It follows that d{ujn ^ 6) = d{ujn) ^ 6 + Un ^ d6 = 0, and ujn® represents 
an absolute cycle in To compute 

on classes of the form [cj„] ® HY'^spJ, let [6'] e H^^spJ with d{e') = 9. 
By lifting ojn A 6' to u)„ ® 6' in T(g„) and using invariance, we have 

d{Un A 9') =UJn® 0(6') = UJn ® 9. 

At this point Hl'^^^Qn) is completely determined for k <2. By an examination 

cuf G ker 9, d : i/r'(fln). 

Thus, (tUn)^^ generates a non-zero class in HL^i^Qn) mapping to the class 
a;^^ G if4^''(0„). As before, all classes in HL^i^Qn) ® HR^{Qn) are absolute 
cycles and in Im9. Thus, Hl'^^[Qn) is completely determined for k < A. By 
induction on k, (cJ^)^^ is a non-zero class in HL2k{Qn), and 

HfiQn) ^ A*(^„) ® ifi?.(0„) ~ A*(a;„) ® ifit3(sp„) 
i/L,(0„) ^ A*K). 

For the cohomology isomorphism 

n 

HL*{q^- R) ^ A*«), < = 5^ dx' A 

where dx^ is the dual of 9x* and ciy* the dual of dy"^ with respect to the basis 
of g„ given by Bi U B2 given in §2. Since 

HL*{Qn\ R) ^ Hom(ifL,(g„; R), R), 

the result follows by using the full shuffle product on cochains. □ 

5 A Characteristic Map 

Let M be a symplectic manifold, X{M) the Lie algebra of C°° vector fields 
on M, and Xh{M) the Lie algebra of Hamiltonian vector fields [5j p. 85]. 
From P], there is a natural map 

HIj^{M- R) — > HL*{X{My, C°°(M)), 
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where H^j^{M) denotes deRham cohomology. The inclusion of Lie algebras 
Xh{M) ^ X{M) induces a (contravariant) map 

HL*{X{My, C°^(M)) — y HL*{Xh{M)] C^{M)) 

on cohomology, while the inclusion of coefficients R —>■ C°°{M) induces a 
(covariant) map 

HL*{Xh{M); R) — > HL*{Xh{M)- C°°(M)). 

Let p & M and let U be an open neighborhood of p homeomorphic to R^"' 
in the atlas of charts for M. There is a natural morphism of Lie algebras 
Xh{M) Xh{U) given by the restriction of vector fields from M to U, and 
resulting linear maps 

HL*{Xh{U)] R) HL*{Xh{M)-Y{) HL*{Xh{M)- C^{M)). 

Now, Xh{U) ~ Xh{^^) as Lie algebras, and thus there are local maps 

ifL*(^^,(R2-); R)(p) ^ HL*{Xh{M)- R) 

for each p G M. Finally, the inclusion g„ ^ Aii/(R^") is a morphism of Lie 
algebras inducing a map on Leibniz homology 

HL^i^Qn', R) — ^ HL^,{Xh{^'^)', R)- 

6 Appendix 

The goal of the appendix is to establish Lemma (I3.2p . namely the vector 
space isomorphisms 

[k\In)r- ^ k\uJn) ■■= Y^A'M (6.1) 

fc>0 

[g„® A*(4)]^P— A*K) := J^^'M, (6.2) 

k>l 

where the former is also an algebra isomorphism. First, note that as an 
5p„-module, 0„ ~ ©5p„, and 

[0„ ® A*{In)Y'- ^ [In ® A*(/n)]'P" © [sp„ © A*(/„)]^P". 
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Thus, line f l6.2p would follow from the vector space isomorphisms 

[sp„®A*(/„)r" = {o}. 

We first demonstrate isomorphism (16. ip in the following lemma. 
Lemma 6.1. 

[A*(/„)r"^A*K). 

Proof. We proceed by induction on n. For n = 1, 

d d 



h 



d d d d 



= \ ^1^' 1/1^' - ^1- 



dy^ ' dx^ ' dy^ dx^ / 

A - 



By direct calculation, (/i)«Pi = {0}, and (/f2)sPi = (/t A /r)- 



By the inductive hypothesis, suppose 

[A*(/n-l)]'^"- =A*K_i)- 



Consider then two cases for I^^, k odd, and k even. For k odd, let z G I^'' 
and consider 



d d d d 

Z = Zi+ Z2 A h -23 A h 2^4 A - — A 



(9x" 9?/" 9a;" (9?/" 

where zi G /^^i, ^2, ^3 G I^l'l and Z4 G /^i'']^ Note that 

. d d d d 

For z G (4^'=)^P", [z, yn^ - = 0, and 



d d 



z = zi + Zi /\ — — A 



dx"^ dx"' 
For any X G sp^_i C sp„, we have 
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If non-zero, the terms [zi, X] and [z4, X] A A ^ are linearly independent 
and would not sum to zero. Thus, 

z, e iC_,rr.-. ^ {0}, z, e (l^^VY-^ = {0}. 

It follows that {I^'^y^- = {0} for k odd. 

For k even, let k — 2q, z e (7;^^^)*''", and repeat the above argument to 
the point 

z, e {Gr-^ = 

Thus, z = ciu^l^ + C2u;^iV^^ ^ 'S^ ^ 'S^^ '^i' ^'^ ^ ^ Bracketing with 
X ^xi-^ + Xn^ yields 

= X] = (c, - gcO^.^ir^^ ^ ^ ^ 
Hence, 2; is a real multiple of 

, ,^1 ^ n, -^(''-l) A ^ A ^ - ( , , ^ ^ A ^ V* - . ,^9 
n 1 -in! Q^n Qyn y n l j „ 



□ 



Lemma 6.2. 

[/„®A*(J„)r'^~A*(o;„). 

Proof. The proof proceeds by induction on n. For n = 1, a direct verification 
yields 

where j|rAj|r = g|-®4r-i|r®^. Also, (h » /r)"' = {0} by direct 
calculation. The inductive hypothesis states 

[7„_i (8) A*(7„_i)r"-i ~ A*K_i). 

Let V E In® In^, V = Ui + ^2, whcre 

ui e /n-i ® li^li, U2 e (/„ ® 0/{I„-l ® C-i). 

A vector space basis of (/„ ® I^^)/{In-i ® ^n-i) given by the families of 
elements: 
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(1) 




^ dx" 


A 


a 

ay" 


A 


a 

a^i 


A 


a 

az^ 


r A . . . , 


(2) 


6 




A 


a 

ay" 


A 


a 

azi 


A 


a 

az2 


r A . . . , 


(3) 


dx" ^ 


^ dx" 


A 


a 

azi 


A 


a 

az2 


A 




A ^ 

^ az'=- 


(4) 


dx^ ^ 


^ dy" 


A 


a 

azi 


A 


a 

az2 


A 




A ^ 

az''" 


(5) 


6 

dy" ^ 


^ ax" 


A 


a 

azi 


A 


a 

az2 


A 




A ^ 


(6) 


6 

dy" ^ 


^ aj/" 


A 


a 

a^i 


A 


a 

az2 


A 






(7) 






A 


a 

aj/" 


A 


a 

az^ 


A 




A ^ 


(8) 




^ dx" 


A 


a 

az2 


A 


a 

az3 


A , 




^ af^ 


(9) 






A 


a 

ai^ 


A 


a 

aF 


A . 




A ^ 

az* ' 



^ ai^ 



a 

az'^-a 



where, for each family, the z*'s arc elements of 

{x\ x', x--\ y\ t/^ t/"-^}. 
Let ve{In® I^^Y^- and X = - Then 

0=[7;, X] = [mi+M2, X] = [m2, X]. 

To compute the sp„-invariants, consider U2 G ker(adj^), where adx('w) = 
[w, X]. The families (4), (5) and (7) above fall into ker(adj^). Now consider 
X ^ Xn^. Family (7) along with 

d d d d d d d d 

<S) -7: — A — - A ... A -r-r-r - -7^ — <8) -7: — A — - A ... A 



dz^ dz^~^ dy^ dx'^ dz^ dz^~^ 

are elements of ker(adjij.), X = Xn^- Then v = ui + si + S2, 

Ef d d d d 

d d d d 
A —r A ... A 



dy'^ dx^ dz^ dz^~^ 

Ef d d d d d 

zi,...,z'=-i ^ " 
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For X e sp„_i, 

= [v, X] = X] + [si, X] + [S2, X]. 

Note that 

[Ml, X] e 4_i ® /;:^, [si, X] ^ ® /;:^, [s2, x] ^ ® 

If non-zero, the summands of [si, X] and [s2, X] would be hnearly indepen- 
dent. Thus, [si, X] = 0, [s2, X] = 0, and Ui G (/„_i ® For /c 
even, ® 1;^^)^^"- = {0}, m = 0, 

® |i A . . . A ^ 6 (/„_, ® /:?,-')•'"-' = {0}. 

zl,...,2*^~l 

Thus, V — Si. From 

for l<i<n— l,it follows that Si = 0. 
For k odd, let A; = 2g — 1. Then 



— —A 
ui — Xiuj^li, — \2io'^^\ ^\ Ai, A2 e R. 



Note that 



= (gAi - A2KM A A ^ 



From 
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for X = Xn^i + X = + 1 < i < n - 1, it follows that 

si = 0, and {q\i — A2) = 0. Letting Ai = 1, we have A2 = q, and 

□ 



Lemma 6.3. 



[5p„®A*(/„)r" = {o}. 



Proof. We apply induction on n. For n = 1, write a general element of 
5pi ® A*(/i) as a linear combination of the basis elements given in Bi and 
B2 of §2 (n = 1). Then apply adx for X = {Vi^ - ^i^). The result 
[spi (8) A*(7i)]*''i = {0} follows from linear algebra. 

Suppose that [zpn-i ® A*(J„_i)]®P"-i = {0}. Since 5p„ is a simple Lie 
algebra, we have (sp^)^''" = {0}. Let Bi be the vector space basis for sp^-i 
given in §2, and let 

S^{x\ x\ x^, y\ y\ y"} 
S'^{x\ x', x^-\ y\ y^ y"-^}. 

A vector space basis of (sp„ (8 l!^^) / (spn-i ® -^n-i) given by the famihes of 
elements: 



(1) 


e® 


a 


A 


a 

QyTl 


A ^ 

az^ 


A 


^ A A p 




(2) 


e <S) 


d 


A 


a 


A 


A 


■■■AgJ^, eeBi, 


e S' 


(3) 


e® 


d 


A 


a 

az^ 


A 

az-^ 


A 


..A^J^, eeBi, 


z' e S' 


(4) 






® 


a 

a? 


Ail. 


A 


• • • A z'^ ^ S 





(5 

(6, 

(7: 

(8 
(9 



{xn^ + Xi^)®irAi,A...Ai,: i<n,z^eS 

(yna|r)®^A^A...A^, z^eS 

{yi^ + yn£^)^iTAi,A...Ai„ i<n,z^eS 

iVn-^ - Xn-£^) ® ^ A ^ A . . . A Z" e S 



(10) ivn^ - Xi^) ® ^ A ^ A . . . A ^, i<n, eS 
Given w e (sp„ ® I^'^Y'^", let w = u + v, where 

u e (5p„_i (g) 7;^^), e (sp„ ® 7;^'=)/(sp„_i 7;^^). 

For all X e sp„, = adx(w) = a.dx{u) + adx(f). Restricting to X e 
spn-i, notice that if non-zero, the elements adxiu) and adx('i') are linearly 
independent. Thus, adxiu) — 0, and 

«e(5Pn-l®^n-ir"-^ = {0}. 

Now, V can be written as a linear combination of the elements in families 
(I)-(IO). We prove that f = by applying the condition adx(f) = for 
successive choices of X G sp„. First apply X = {Vn-^ — a^ngf;r), then 
X E 5p„_i together with the inductive hypothesis. Third, apply X = Xn-^, 
fourth X = {yi^ -^i^), fifth X = Xi^, and finally X = (a;„^ + Xi-^), 
where 1 < i < n — 1. □ 
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